ABSTRACT. We prove that every function /, continuous on a compact interval [a,b], has a continuous, best n-convex approximation with respect to the uniform norm on [a,b\.
Ig(xo) ■ ■ ■ g(xn) I is nonnegative for all xn < • • • < xn in /. Thus a 1-convex function is increasing and a 2-convex function is convex in the usual sense, n-convex functions need not be n-times differentiable, however if g^ is continuous, then g is n-convex iff g^n' > 0. For / G C[a, b], an n-convex function g is a best n-convex approximation to / if ||/ -g\\ = inf{||/ -g\\:g is n-convex on [a,b}}, where || ■ || denotes the supremum norm on [a, b\. As noted below, for n > 2, any function that is n-convex on [a, b] is continuous and bounded in (a, b) so that if a best n-convex approximation exists then a continuous, best n-convex approximation exists as well. Although the subject of best n-convex approximation has been treated in a number of papers over the past fifteen years (usually as 'monotone' or 'restricted derivative' approximation), these have dealt almost exclusively with n-convex approximation by polynomials [3, 4] , for which an extensive theory now exists. Only recently have authors even begun to consider approximation by monotone functions in general [1] or by convex functions [2] . Except for the monotone case n = 1, existence of continuous, best n-convex approximations to continuous functions has yet to be demonstrated. This is the purpose of this paper.1
Main results.
As the case n = 1 has been thoroughly treated in [1] , it will be tacitly assumed hereafter that n > 2.
The first lemma follows directly from [8, Lemma 1.1].
(1) LEMMA. Let F be a collection of n-convex functions, defined on [a,b] and pointwise bounded on a dense subset of [a,b\. Then F is uniformly bounded on compact subsets of (a,b). yk -xk converges either to +oo or to -oo. In the latter case, we choose points a < to < ■ ■ ■ < tn-2 < x, and suppose that k is large enough so that i"_2 < Xk < yk-Then, by the n-convexity of fk, >0.
This determinant is unchanged if we subtract from each column but the first its predecessor, and then divide every element in a column (for each but the first column) by the element in its second row. We are then left with The following theorem extends an important convergence result, known to hold for convex functions [5, 6] , to n-convex functions in general.
(5) THEOREM. Let {fk} be a sequence of n-convex functions, pointwise bounded on a dense subset of (a,b).
Then there is an n-convex function f such that a subsequence of {fk} converges uniformly to f and compact subsets 0/(0,6).
PROOF. By (1) {fk} is uniformly bounded on compact subsets of (a, b), hence by (3) it is uniformly Lipschitz-continuous, and thus is equicontinuous, on compact subsets of (a,b). By a corollary to the Arzela-Ascoli theorem [7, p. 179] a subsequence of {fk} converges pointwise to a continuous function /, which is therefore n-convex, and the convergence is uniform on compact subsets of (a, b). D
We now prove the main result of this paper. PROOF. We note first that if n > 2 then an n-convex function g defined on [a, b] is continuous in (0,6) and bounded [6] , and thus if / G C[a,b] then
where g* is the continuous n-convex function that agrees with g in (a, b) and satisfies g*(a) = g(a+), g*(b) = g(b-). Thus we may, and will, restrict our attention in this proof to continuous n-convex functions. Choose a sequence of n-convex functions {gk} such that ||/ -gfc|| I E(f) = inf{||/ -g\\: g is n-convex on [a,b]}.
Since Had -II/]] < ||/ -OfcH < ||/ -0l||, we have ||0fc|| < ||/|| + ||/ -ffl|| for all k, hence {gk} is uniformly bounded. By (5) there is a subsequence, which we relabel {gk}, and an n-convex function g such that Ofc -» g uniformly on compact subsets of (a, b). Moreover, g is bounded and, as noted above, may be extended to a continuous function on [o, 6] .
We now show that g is a best n-convex approximation to / on [a,b\. For 0 < £ < (b -a)/2, gk -* g uniformly on Ie -[a + e, b -e], hence
